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Abstract This paper considers a tilting tri-rotor unmanned aerial vehicle (UAV)with
each rotor having a tilting degree of freedom. The dynamic model of this UAV is
obtained in this paper, which is a fully-actuated system instead of an underactuated
system. Although it is not a redundant system, it also needs control allocator to
distribute virtual control commands to actuators. Therefore,we propose a newcontrol
allocation method to solve this nonlinear problem. Meanwhile, the Backstepping
method is used to build the entire control architecture. Finally, several simulation
experiments are conducted to demonstrate our proposed method.
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1 Introduction

Unmanned aerial vehicles (UAV) have recently attracted more and more research
attention due to their wide applications andmany significant advantages overmanned
aircrafts. There are many research points about UAVs, especially control method
and structure design. With respect to the former, UAVs have successfully employed
several control algorithms. The classical PID [1] and the ADRC [2] have been
successfully implemented in the quadrotors. The H-infinity control method and
Backstepping method have also been introduced for controlling a helicopter [3],
and a tricopter UAV [4], respectively. Some scholars even involve Lie theory and
design controller on manifold SO (3) to avoid the problem of singularity of Euler
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angles [5]. With respect to the structure, UAVs can be roughly classified into rotor-
crafts, fixed-wings, and other UAVs. Rotorcrafts can take off and land vertically or
hover at a fixed point, but they exhibit some problems such as poor endurance. Fixed-
wings have higher endurance than rotorcrafts due to their flight mechanics, but lack
hovering capability. Furthermore, many kinds of nonconventional UAVs have been
presented to accomplish various tasks [6].

The classical quadrotor is an underactuated system, while the classical hexarotors
andoctorotors are still underactuated systems,whichmeans the underactuated system
is not changed into a fully-actuated or over-actuated system due to the added rotors.
This is because the directions of all rotors are always the same, so that the rotor
thrusts are linearly related. Therefore, increasing thrust direction of the rotor is a
key factor in improving the maneuverability of the fuselage. In general, there are
two common methods. First, some scholars configure each rotor and guarantee the
orientations of themare different [7].Andrea proposed a parameter that represents the
fuselage’s agility and obtained the optimal rotors’ orientation combination through
trying different rotor orientation combinations to maximize the agility parameter.
Second, several rotors are given one or two degrees of freedom to tilt, so that the
rotor thrust vector can be changed within a certain range. This idea comes from the
concept of thrust vectoring [8, 9]. This paper adopts the latter idea and considers
a tilting tri-rotor, so that the system changes from underactuated to fully-actuated
because of the given tilting degree of freedom (DOF). The fully-actuated system has
the same number of control inputs and control outputs. Since each rotor has a tilt
angle, the control allocation equation is nonlinear. Control allocation process maps
virtual control commands generated from the controller into actuator commands that
provide actual control efforts. The mapping from the virtual control commands to
actuator commands is a one-to-one mapping for the fully-actuated system [10].

Generally, we divide control allocation into non-optimal control allocation and
optimal control allocation based on whether or not optimization targets are consid-
ered. Our control allocation method is non-optimal. The system always can be
described as follows:

ẋ = f (x, t) + g(x, t)u, y = l(x, t) (1)

u is the control input, x is the state variable and y is the output variable. As for
a fully-actuated system, the common basic control allocation problem statement is
expressed as: u = h(x, τ , t), τ is the actuator variable and we need to find an inverse
transform: τ = h−1(x, u, t). However, most control allocation methods are based
on a linear model, i.e.,

u = h(x, τ , t) = B(x, t)τ (2)

and τ = B−1(x, t)u. Sometimes, the actuators’ models are nonlinear like the model
discussed in this paper. In the nonlinear case, we must analyze each specific problem
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without a general nonlinear allocation algorithm. Herein, we present a new control
allocation method, i.e. a new inverse mapping to attempt to tackle the nonlinear
problem.

The remainder of the paper is organized as follows. The fuselage dynamicmodel is
obtained in Sect. 2. Second, the entire control architecture is discussed in Sect. 3, and
a Backstepping controller is introduced. This model has six controllable variables;
therefore, the system is fully-actuated. A new control allocation method is proposed
to form the whole control framework. Section 4 presents and discusses the results of
simulation experiments. Finally, the conclusions are presented in Sect. 5.

2 Modeling

2.1 Structure of the UAV

Classical rotorcrafts, such as tri-rotors and quadrotors, must be tilted first in order
to generate the component force in the horizontal direction, and then the fuselage
is pushed forward, if an UAV wants to move in the horizontal direction. This way
of moving forward is obviously inefficient and restrictive because there are more
motionDOFs than controllable inputs in these classicalmodels, i.e. the underactuated
systems. In order to deal with this limit, each pair of coaxial rotors in the classical
tri-rotor is given a tilting degree in this study. The specific model structure is shown
in Fig. 1.

Fig. 1 Structure of the
proposed tilting tri-rotor
UAV



1860 Y. Wang et al.

2.2 Description of the Dynamic Model

The coordinate system is defined as follows: the ground coordinate system OxE yE zE

and the body coordinate system OxB yBzB are both set up as shown in Fig. 1. Herein,
the ground coordinate system is considered as an inertial coordinate system. More-
over, in order to ignore the several subordinate factors, we employ the following
assumptions: first, the effects of air resistance and wind are not considered, and the
fuselage is considered as a rigid body; second, the moment of inertia tensor is a diag-
onal matrix to simplify the problem. Meanwhile, to prevent the tilting rotors from
hitting the shafts, we limit the tilt angles. Specifically, the tilting angles range from:
δi ∈ [δmin, δmax ]. The specific values of δmin and δmax are set in Sect. 4.

Based on these assumptions, the mechanics theory can be employed. According
to the Newton-Euler formalism of rigid body and mechanics theories, we obtain the
following formula [11]:

[
mI3×3 O3×3

O3×3 I

][
V̇ B

ω̇B

]
+

[
ωB × (

mV B
)

ωB × (
IωB

)
]

=
[
FB

MB

]
, (3)

where m, I = [
Ix , Iy, Iz

]
, V B = [u, v,w], ωB = [p, q, r ] are the mass, second-

order moment of the inertia tensor of the fuselage, velocity and angular velocity
in the body coordinate system of the UAV, respectively, and FB = [XF ,YF , ZF ],
MB = [L , M, N ] are the external force and external torque in the body coordinate
system, respectively. Equation (3) can be expanded as follows:

⎧⎨
⎩
mu̇ = −mg sin θ + mrv − mqw + XF

mv̇ = mg cos θ sin φ − mru + mpw + YF

mẇ = mg cos θ cosφ + mqu − mpv + ZF

⎧⎨
⎩

Ix ṗ = (
Iy − Iz

)
qr + L

Iyq̇ = (Iz − Ix )rp + M
Izṙ = (

Ix − Iy
)
pq + N

. (4)

where φ, θ, ψ are the Euler angles, and XF ,YF , ZF , L , M, N are given as,

[
XF YF ZF L M N

]T

= 1
2

⎡
⎣ 0 2sδ1 −2cδ1 0 2lcδ1 2lsδ1

−√
3sδ2 −sδ2 −2cδ2 −√

3lcδ2 −lcδ2 2lsδ2√
3sδ3 −sδ3 −2cδ3

√
3lcδ3 −lcδ3 2lsδ3

⎤
⎦

T⎡
⎣ F1

F2

F3

⎤
⎦ . (5)

Furthermore, according to [11], the conversion relationship between [p, q, r ] and
[φ̇, θ̇ , ψ̇], [u, v,w] and [ẋ, ẏ, ż] can be obtained as follows:

[
φ̇ θ̇ ψ̇

]T =
⎡
⎣ 1 sin φ tan θ cosφ tan θ

0 cosφ − sin φ

0 sin φ/ cos θ cosφ/ cos θ

⎤
⎦

⎡
⎣ p
q
r

⎤
⎦, (6)
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⎡
⎣ ẋ
ẏ
ż

⎤
⎦ =

⎡
⎣ cθcψ cψsθsφ − cφsψ sφsψ + sθcφcψ
cθsψ sψsθsφ + cφcψ sθcφsψ − sφcψ
−sθ sφcθ cφcθ

⎤
⎦

⎡
⎣ u
v
w

⎤
⎦. (7)

The ‘c’ represents ‘cos’, and the ‘s’ represents ‘sin’. (Same as below). The x, y, z
are the coordinates of the fuselage centroid in the inertial system.

3 Control Architecture

The proposed system is fully-actuated, but the control allocation equation is
nonlinear, which means conventional linear allocation methods are no longer appli-
cable to proposed UAV. Therefore, this study comes up with a new control allocation
method to design the control framework. Meanwhile, the control law involves the
multiple inputs-multiple outputs (MIMO) Backstepping method. Overall, we want
to make the proposed UAV successfully track the position and attitude targets by
using corresponding control method and proposed control allocation method.

3.1 Backstepping Control Method

Considering the characteristics ofBacksteppingmethod,wefirstmake an assumption
here: the attitude angles of the body change within a small range, which means
φ ≈ 0,θ ≈ 0, ψ ≈ 0. Without this assumption, the calculation of the Backstepping
method becomes very complicated. Under this assumption, our dynamic model is
formed as:

⎧⎨
⎩
mẍ = XFcθcψ + YF (cψsθsφ − cφsψ) + ZF (sφsψ + sθcφcψ)

mÿ = XFcθsψ + YF (sψsθsφ + cφcψ) + ZF (sθcφsψ − sφcψ)

mz̈ = −XFsθ + YFsφcθ + ZFcφcθ + g
, (8)

⎧⎨
⎩

Ix φ̈ = (
Iy − Iz

)
θ̇ ψ̇ + L

Iy θ̈ = (Iz − Ix )φ̇ψ̇ + M
Izψ̈ = (

Ix − Iy
)
φ̇θ̇ + N

. (9)

First, the model equation is written as the standard state space form as follows:
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Ẋ = f (X,U ) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x2
a1x4x6 + b1U4

x4
a2x2x6 + b2U5

x6
a3x2x4 + b3U6

x8
U1m

−1cx3cx5 + U2m
−1(cx5sx3sx1 − cx1sx5) +

U3m
−1(sx1sx5 + sx3cx1sx5)

x10
U1m

−1cx3sx5 + U2m
−1(sx5sx3sx1 − cx1cx5) +

U3m
−1(sx3cx1sx5 + sx1cx5)

x12
−U1m

−1sx3 + U2m
−1sx1cx3 + U3m

−1cx1cx3 + g

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x2
a1x4x6 + b1U4

x4
a2x2x6 + b2U5

x6
a3x2x4 + b3U6

x8
f1(U1,U2,U3)

x10
f2(U1,U2,U3)

x12
f3(U1,U2,U3)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (10)

where X = [
φ φ̇ θ θ̇ ψ ψ̇ x ẋ y ẏ z ż

]T = [x1, . . . , x12]T ,a1 = (
Iy − Iz

)
/Ix ,

a2 = (Iz − Ix )/Iy , a3 = (
Ix − Iy

)
/Iz , b1 = I−1

x , b2 = I−1
y , b3 = I−1

z ,

U = [XF ,YF , ZF , L , M, N ]T = [U1, . . . ,U6]
T

Then, we consider attitude control, and we take φ as an example:

{
ẋ1 = x2
ẋ2 = a1x4x6 + b1U4

.

We choose the Lyapunov candidate V1 = z21/2, where z1 = x1 − x1d and x1d is
the desired target. We define virtual command α1 and z2 = x2 − α1, so we have:

V̇1 = z1 ż1 = z1
(
ẋ1 − ẋ1d

) = z1
(
x2 − ẋ1d

) = z1
(
z2 + α1 − ẋ1d

)
.

We attempt to make V̇1 be negative definite, so we choose α1 = ẋ1d −
c1z1 (c1 > 0), and

V̇1 = z1 ż1 = −c1z
2
1 + z1z2 z2 = x2 − α1 = x2 − ẋ1d + c1z1.

We cannot recognize whether item z1z2 positive definite or not, so we need to
further design it. We choose Lyapunov candidate V2 = z22/2 + V1 = z21/2 + z22/2,
and we have:

V̇2 = z1 ż1 + z2 ż2 = z2(ẋ2 − ẍ1d + c1 ż1) − c1z
2
1 + z1z2

= z2(a1x4x6 + b1U4 − ẍ1d + c1(z2 − c1z1)) − c1z
2
1 + z1z2.

Therefore, we can choose

b1U4 = ẍ1d + (
c21 − 1

)
z1 − a1x4x6 − (c1 + c2)z2, V̇2 = −c1z

2
1 − c2z

2
2 < 0 (c2 > 0)
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[12, 13].
According to the Lyapunov’s theory, we know that control law U4 can guarantee

z1, z2 are asymptotically stable. In the same way, we can obtain the expressions of
the control law U5, U6 as follows:

⎧⎨
⎩
U4 = b−1

1

[
ẍ1d + (

c21 − 1
)
z1 − a1x4x6 − (c1 + c2)z2

]
U5 = b−1

2

[
ẍ3d + (

c23 − 1
)
z3 − a2x2x6 − (c3 + c4)z4

]
U6 = b−1

3

[
ẍ5d + (

c25 − 1
)
z5 − a3x2x4 − (c5 + c6)z6

] , (11)

where ci > 0; z2i−1 = x2i−1 − x(2i−1)d , z2i = x2i − ẋ(2i)d + c2i−1z2i−1(i = 1, 2, 3).
Fnally, we employ the Backstepping method to tackle with the position control.

Like the (11), we have:

⎧⎨
⎩

f1(U1,U2,U3) = ẍ7d + (
c27 − 1

)
z7 − (c7 + c8)z8

f2(U1,U2,U3) = ẍ9d + (
c29 − 1

)
z9 − (c9 + c10)z10

f3(U1,U2,U3) = ẍ11d + (
c211 − 1

)
z11 − (c11 + c12)z12

. (12)

It’s obviously different from the attitude control equation. The three control vari-
ablesU1,U2,U3 are coupled in the three equations, so we cannot get them separately.
We need to solve this system of ternary equations. The solution results ofU1,U2,U3

are also very complicated, since the forms of f1, f2, f3 are complicated. Therefore,
we do not show the specific expression of the control law U1,U2,U3 here.

3.2 Control Allocation

According to (11) and (12), we have obtained the expression of the control law Ui .
Next,we should distribute the control law to specific actuators,which is called control
allocation. In this study, the control allocation equation is described as follows:

[
U1 U2 U3 U4 U5 U6

]T

= 1
2

⎡
⎣ 0 2sδ1 −2cδ1 0 2lcδ1 2lsδ1

−√
3sδ2 −sδ2 −2cδ2 −√

3lcδ2 −lcδ2 2lsδ2√
3sδ3 −sδ3 −2cδ3

√
3lcδ3 −lcδ3 2lsδ3

⎤
⎦

T⎡
⎣ F1

F2

F3

⎤
⎦ . (13)

The
[
U1 · · ·U6

]T
is three components of external forces and three components

of external moments, respectively, and (13) is derived from mechanical analysis.
Firstly, (13) must be simplified to illustrate the core problem. In fact, (13) can be
denoted as follows [14]:

f0 = F1 sin δ1, b0 = F2 sin δ2, d0 = F3 sin δ3,

g0 = F1 cos δ1, h0 = F2 cos δ2,m0 = F3 cos δ3
(14)
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Equation (14) is substituted into (13), giving

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

U1

U2

U3

U4

U5

U6

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

= 1

2

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−√
3

√
3 0 0 0 0

−1 −1 2 0 0 0
0 0 0 −2 −2 −2
0 0 0 0 −√

3
√
3l

0 0 0 l −l −l
l l l 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

b0
d0
f0
g0
h0
m0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

. (15)

The above equation group is solved to give

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

b0
d0
f0
g0
h0
m0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

= 1

3

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−√
3 −1 0 0 0 l−1√
3 −1 0 0 0 l−1

0 2 0 0 0 l−1

0 0 −1 0 2l−1 0
0 0 −1 −√

3l−1 −l−1 0
0 0 −1

√
3l−1 −l−1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

U1

U2

U3

U4

U5

U6

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

. (16)

Meanwhile, it is worth noting here that Fi , δi can be determined after obtaining
the parameters b0, d0, f0 . . . Only the following equations are required:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

F1 =
√

f 20 + g20

F2 =
√
b20 + h20

F3 =
√
d2
0 + m2

0

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

δ1 = arcsin f0/
√

f 20 + g20

δ2 = arcsin b0/
√
b20 + h20

δ3 = arcsin d0/
√
d2
0 + m2

0

. (17)

4 Simulation

This simulation program is developed with the obtained conclusions. Every task is
hard for classical rotorcrafts to conduct in each simulation, which corroborates the
special advantages of this UAV. The detailed model parameters are shown as follows:
the distance from centroid to rotor l is 0.41 m, the moment of inertia on the X,Y, Z
axis Ix , Iy, Iz are 0.115 kgm2, 0.115 kgm2, 0.230 kgm2, respectively. The mass of
UAV m is 1.5 kg, and δi ∈ [−π/2, π/2]. Meanwhile, 0.001 times Gaussian noise
(μ = 0; σ 2 = 1) is added into first simulation to increase the reliability of the
simulation results.
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Fig. 2 Spatial trajectory of
the UAV of Exp1: Spatial
ellipse with hori-zontal
attitude (with noise)

4.1 Spatial Trajectory with Horizontal Attitude

In this simulation, theUAV tracks the spatial trajectorywith horizontal attitude.Obvi-
ously, the conventional rotorcraftsmust tilt its attitude firstwhenmoving horizontally,
so they cannot accomplish this task. The initial position and attitude are (0, 0, 0)m
and (0, 0, 0)rad, respectively. The desired attitude is (0, 0, 0)rad, and the desired posi-
tion is: xd = (0.5 cos 0.05π t)m, yd = (0.5 sin 0.05π t)m, zd = (3−2 cos 0.05π t)m.
The control coefficient c1 ∼ c6 = 10, c7 ∼ c12 = 4. Figure 2 presents the fuselage
spatial trajectory and Fig. 3 and 4 show the x, y, z coordinates and three attitude
angles φ, θ, ψ , respectively.

Exp 1 demonstrates that this UAV can hold horizontal attitude during tracking
a spatial trajectory by using Backstepping method, while the classical rotorcrafts
cannot conduct this task because when it maintains horizontal attitude, there is no
horizontal force component. At the same time, it can be seen that the robustness of
this method is limited, and this method can only tolerate small amplitude errors. This
is a disadvantage of this control method.

4.2 Zigzag with Horizontal Attitude by Applying
Backstepping or PID

In this simulation, the UAV zigzags with horizontal attitude. We set the initial posi-
tion and attitude are (0, 0, 0)m and (0, 0, 0)rad, respectively. The desired attitude is
(0, 0, 0)rad, and the desired trajectory is presented as follows:
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Fig. 3 Position of the UAV of Exp1: Spatial el-lipse with horizontal attitude (with noise)

Fig. 4 Attitude of the UAV of Exp1: Spatial el-lipse with horizontal attitude (with noise)
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Fig. 5 Spatial trajectory of
the UAV of Exp2: Zigzag
with horizontal at-titude by
applying Backstepping or
PID

⎧⎨
⎩
xd = 1
yd = 1
zd = 1︸ ︷︷ ︸

t ∈ (0, 5s]

⇒
⎧⎨
⎩
xd = −0.2t + 2
yd = 1
zd = 1︸ ︷︷ ︸

t ∈ (5, 10s]

· · ·
⎧⎨
⎩
xd = 0.4t − 13
yd = 0.4t − 9
zd = 1︸ ︷︷ ︸

t ∈ (30, 40s]

⇒
⎧⎨
⎩
xd = −0.5t + 23
yd = 7
zd = 1︸ ︷︷ ︸

t ∈ (40, 50s]

.

(18)

The control coefficient c1 ∼ c6 = 10, c7 ∼ c12 = 4. Figure 5 presents the
fuselage spatial trajectory and Fig. 6 and 7 show the x, y, z coordinates and three
attitude angles φ, θ, ψ , respectively.

Exp 2 also proves the reliability of our proposed method. The UAV can track
along a series of straight lines while maintaining a horizontal attitude, which is also
impossible for conventional rotorcrafts. Meanwhile, by comparing our method with
the PID method, we can see that in the X and Y axis directions, the overshoot and
convergence speed of our method is similar to the PID. In the Z axis direction, the
overshoot of our method is much smaller than that of the PID method. In terms of
attitude control, the overshoot of our method is less than PID and the response speed
is faster than the latter. Overall, the control result of our method is better than the
PID method, which proves the significance of our method.

4.3 Hovering with Changing Attitude by Applying
Backstepping or PID

In this simulation, the UAV hovers at a point with changing attitude. Since we have
given the assumption of small attitude angles, the range of attitude angles is relatively
small. Meanwhile, this task cannot be conducted by conventional rotorcrafts, either.
The initial position and attitude are (0, 0, 0)m and (0, 0, 0)rad, respectively. The
desired position is (0, 0, 0)m, and the desired attitude is presented as follows: φd =
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Fig. 6 Position of the UAV of Exp2: Zigzag with horizontal attitude by applying Backstepping or
PID

Fig. 7 Attitude of the UAV of Exp2: Zigzag with horizontal attitude by applying Backstepping or
PID
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Fig. 8 Position of the UAV of Exp3: Hovering with changing attitude

0.08 cos(0.05π t), θd = 0.08 sin(0.05π t), ψd = 0.08. The control coefficient c1 ∼
c6 = 6, c7 ∼ c12 = 3. Figure 8 and 9 show the x, y, z coordinates and three attitude
anglesφ, θ, ψ , respectively. Herein, we apply the classic PIDmethod for comparison
as follows, U i = si1(xid − xi ) + si2 ∫(xid − xi )dt + si3(ẋid − ẋi )(i = 1, . . . , 6)

where these coefficients can be chosen as follows: s11 = s21 = 7500, s12 =
s22 = 0, s13 = s23 = 1000, s31 = 20, s32 = 3, s33 = 20, s41 = s51 = 5.7, s42 =
s52 = 1, s43 = s53 = 0.1, s61 = 7, s62 = 1.01, s63 = 0.15.

Exp 3 is also a task that conventional rotorcrafts cannot accomplish. Similar to
the results of Exp 2, our method has better overall control effect than PID method.
At the same time, it can be noted that the Backstepping method we used is equipped
with the assumption of small angle approximation, so the range of angles change we
set here cannot be too large, otherwise the results will diverge.

5 Conclusion

In summary, a special structure fully-actuated tri-rotor UAV is introduced. Its control
method and control allocator are both developed to make it more maneuverable. The
proposed UAV complete many tasks that classical rotorcrafts cannot, which means
the broad application prospects. Backstepping method we used here shows decent
control effect, the control allocator solves the difficulty of non-linearity. Meanwhile,
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Fig. 9 Attitude of the UAV of Exp3: Hovering with changing attitude

actual flight tests will be conducted to validate the proposed UAV’s reliability in
future. Finally, a novel structure, such as an over-actuated tri-rotor will be developed
to further improve UAV’s mobility and potential.
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